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The free energy of the superstring is given by
the path integral

BFV = — 2939—2.
9.7

- [ ldhgdxtayt]eFma | VIFI(OXR 20X ~2nol ivry-20)
Compactify Euclidean time

x°~x%4p
Compactification of the light cone,

(X°,X%) ~ (X0 4+ V2rRi, X° + V27 R)
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Consider a Riemann surface I, of genus g.

2 A
Homology basis of cycles aq,... »Qg; b1,...bg where

a;Na; =0 biMb; =10
ainbj=6ij

There are g linearly independent holomorphic
1-forms w;, ...,wy A basis can be chosen so that

j‘{w:f=5e':f }{_wj=9ij
&y b;

Period matrix
2;; = Qj;, Q=0 +iQ2s, 25> 0.

Anti-holomorphic differentials, @ have the same
properties with Q — OQ*,



First homology group Hi(Z,4,C) is a complex
vector space spanned by (a;, b;).

First cohomology group H(X,,C) is the dual
vector space spanned by (w;, @;)

The inner product
(Aw; + &@;) - (5;'&;; + "}’jbj) =

=A+8)-(6+217) +i(A - )0 -~
follows from

fwj=5=':f j{;wj=9z'j
g {3

o %a-:n’?.
i ¥ | 1] ‘5’1‘ " 17



InClude in the path integral the sectors where
the worldsheet wraps the compact dimensions

dXD = Zq: (A,;w,; + Xiiﬁi) -+ exact
i=1

4
dX° = z (viw;i + %@;) + exact

==
Determine coefficients so that (X0, X9) have
correct holonomy,

f dX° = m;3 + piV2mRi
@y

j{ dX°® = p:\/2R

a;
j{ig,. dXx9 = nB + ¢,/ 2w Ri

f}, dX% = g:\/37R
1



The Bosonic part of the action depends on the
integers is

—m)Q25 (Qn—m)+

\/ZBR

4ra
Summation over (p;,q;) inserts a theta func-
tion and periodic delta function into the path
integral

Re ((pQ* - q)QEl(Qn m))

32 - -1 :
Z e-m(nﬂ —m)Qz (2n—m) \T|_29 ldEt QZ‘ ;

mnrs

g
: ~H1 52 (zf=1(mi + 1) — (rj + ”J'))
;,I:

\/igmi

4o’

T —
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Theorem: X, is a branched cover of a torus
T2 with Teichmiiller paramter 7 if and only if

9
> (mi+7n;) Q45— (rj+78;) =0
=1

for some m,n,;j € Z,

Proof: i) X, is a branched cover of the torus
if there exists a covering map

which is continuous, onto and holomorphic.
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Consider the canonical homology basis of T2,
(a, 3) and the holomorphic 1-form w normal-
ized so that

pw=1 puo=r
o B

The covering map induces a homomorphism of
the homology groups of X, and T2

f(a;)) = mija+n;B8 , f(b;) =ria+ 38
and a linear mapping between the vector spaces
f: Hi(Zg:€) — Hi(T%,C)

This induces a pull-back mapping of the dual
spaces

F*: HY(T?:¢) » HY(Z40)
with the property that f*(w) is a holomorphic

1-form on X4 (since f is a holomorphic map)
and

f;,. (W) = (W) - i = w - fa;) = m; + mn;

$ P = £ W) -bi=w- £(6) =ri+ s,



There is a combination of cycles of 4, which
is annihilated by any holomorphic 1-form

0 = wg- (Zﬂijaj_bi) =Zf_“’knﬂ'j_f”“k
7 7 e %

Applying this to f*(w) gives the desired identity

0= f*(w) - (Z Qz’jﬂj - b{_)
J
=w- (Z Q;if(a;) — f(bi))
J

q
= Zl (mi + 'r'n?;) Qz’j == (r_f + TSj)

o
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l)Assume that the identity

g
0= Y (m;+7n;)Q;— (rj +'rsj)
=]
is true. We can use it to construct a covering
map. Consider the following integral

p 9
P

z(P)=/O_=

This integral maps points P € 2, to com-
plex numbers z(P). It depends on the path
on which we integrate. A change of path by
t;a; + w;b; (t;,u; € Z) changes the r.h.s. by

X (t: + (Qu55) )

If we choose \; = (m; + Tn;), this change is

Aiwz—-
i

(m;+1n;)t;+ (r;+78;)u; = integer + integer-r

so z(P) € T2. This gives an explicit construc-
tion of a covering map.




Matrix string theory is a 1+ 1-dimensional max-
imally supersymetric Yang-Mills theory with gauge
group U(N)

: 1 1 2 2
S = / dQLTTI" (ZFEH + E(D,uéj)z T %’% [@5!: ﬂéq

+%6Fanw - ig%iﬁrf 4", w])

v =1,2, I, J=1,..,8, (g, M;) are 16 x 16
10-D Dirac matrices for Weyl-Majorana fermions.

Fuy (o) = B“Au (o) —3uAp(ﬂ') — 19y M [A.uf(ﬁ): Av(ﬂ')]

Dy = Oy... —igym [Ap, -]

Matrix string theory =IIA superstring theory
with coupling constant gs = 1/vVa gy,

xtewxt4+o2«p

and N units of momentum,

P =N/R , PT=HR

M- thesry with X"~ x4 g,

xi}txq“-‘ X_o___;:x?-t- 2Tk
z 2
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PO = % (Pt +P7)=(N/R+H)/V2

Thermodynamic partition function is (8 = 1/kgT)
e_ﬁVFLB] — Tre_ﬁpo — Z e_ﬁN/V/iRTrE_’BH/ﬁ
| N

=S e INNVER [ (qagslay) e SIAS
N

U(N)
where the 2-D space is a to}'us with metric
28R
ds® = |doy + 1dos|? = V2B i
4o

¢! (o1 + 1,02) = ¢! (01, 02)
¢! (01,004 1) = ¢!(01,02)
Y(oy + 1,02) = ¥(o1,02)

Y(ey,02 + 1) = —¢(o1,02)

Weak coupling limit of matrix string = strong
coupling limit of 2D SYM theory.
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Weak string coupling=strong YM coupling limit.

ol =U (diag(fﬁf’{s Berg (bj{_r)) Ul

det (¢! — ¢4T) =0

.._';-* A ¢
Dijkgraaf-Verlinde-Verlinde: Long strings are
multiple covers of the cylinder.

Interactions are mediated by instantons which
are branched covers of the cylinder.

High energy scattering of strings - sum over
Riemann surfaces which are branched covers
of the punctured sphere.



In that limit,

¢ =Uggul o =UpaUt Ay =U(au+i8,) Ut

Spectrum is periodic, but eigenvalues can per-
mute,

Q%(Ul 5 110’2) S (bf;(a)(ﬂ'l,ﬂ'g)

Pa(o1,02+1) = Po(ay(@1,02)

PQ = QP
T
T o ¢@(ﬂJ
0
|
e { P
I y ‘ 1
& F===___a__3lat
2 | o épml
e T ]
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Permutations: An element of Sy can be de-
composed into cycles. e.g.

1 2 3 4 5 6 ¢+ 8 9
6 4 1 2 5 3 8 9 7

= (163)(24)(5)(789)

Consider an element of Sy Suppose the num-
ber of cycles of length k is rp: N = ) kry.

(n,k,a) = n'th element of a'th cycle of length
i

Pn,k,a) =(n+1,k, )

Assume @ comutes with P

P(Q(n, k,a)) = Q(P(n,k,a)) = (Q(n+1,k, a))

(Q(1,k, ), Q(2,k, @), ..., Q(n, k,a)) is a cycle of
length k. =((s,k, m(e)), (s + 1, k, mp.(a)), ..., (8 + n,
where «.(a) is a permutation of the cycles of
length k. [Q] = [Ip7p!k"*
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ba(01 +1,02) = dpyy(01,02)

Lon,024+ 1) = ¢y (01,02) (-1
relabeled:

ﬁbijk,&(o‘l -+ 1, 5"2) _— Gi’;:.f.l,k,&(a'l: *72)

Oh kal01,004+1) = ¢fhk,.,.,k(a.)(a1+s(k,a),az) (-1)F

Fuse into a single field with
o6 (o1 + k,02) = o5(01,02)

¢o(01,00 + 1) = ¢h(o1 +8,02) (1)
§ = Zr.r S(ka '1)- Torus with 2 = .'?j‘F
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This is not the whole story: it obtains only the
genus 1 Riemann surfaces. It is possible to
get higher genus surfaces as branched covers
of the torus:

—h—
o
————————————— - "‘Pta)
‘ >
E bkt
T
""""" Frmmm=— few
- -




}3VF — Z g_ﬂAIﬁR A

surfaces

g _ i 12 3 1. )
i / [dadpdi]e m[ (Efpp+§3@d¢+¢3¢)

surfaces are all branched covers of the torus.
9: ' = gymVa'
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