INSTANTON CALCULUS
AND TOPOLOGICAL
FIELD THEORIES

e The non perturbative sector of a field theory

e Recent progresses: Seiberg—Witten,
AdS/CFT, D—branes

 Conjectures need checks: multi—instanton
Calculus




e The special role of N=2: the power of
Holomorphicity

e First checks give hints of *‘topology”™
® Rivisiting the computation:

i) New computational advantages

ii) Can we say anything on old problems?

an old controversy: scalar v.e.v. =0 versus
v.e.v. Different from zero

® Measure for SUSY theory
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A BRIEF REVIEW OF TFT
e ——————— e e )

® The symmetry group

SU(2)y x SU(2)g x SU(2)a x U(1)g
Taking its diagonal subgroup leads to
Qi+ Qe Qu .
Qf —+ Qu -

And
A, = A, ,

Aéawﬁ :

o= 0 .




THE ADHM CONSTRUCTION
e ——————]

® An algebraic problem replaces a differential one

A=a+ bz,
ATA = (ATA)T

Wy ... W

A=U'dU
® Symmetries of the construction
A —= QAR

Where
Q € Sp(k +1), R € GL(k,R)
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® Plugging the zero-modes into the
BRST variations
sA = M-CA ,
sM
sA
sC

AA —-CM

-[C, A] ,
A-CC ,

Where

(C(}U 0O --- 0\
0
s c

\ 0 /

And s squared 1s zero
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® How does a computation looks like?

{fields) = /M+ [( fields) e-S-rmLem_mm gl

For a definite value of the winding k

k
[51.,5;];; = 4n°sTr .4502 (;Lrtf?; - 11’”11)]
=1

42T [M(Mﬁr ~ AM)| = —4m?sTx [-‘I{m (Agy)m]

® For a function of Grassmann variables

N ~ A e 1 s
Q(A,M) = QO(A) + gix(A)Mh + agiiiz(&)MhMiz + o

1 Lol B =
+ Eyi-liz...ip(A)MilMiz DAY Mip .

Now from the BRST variations

ﬂi = K,_J(ﬁ)&ﬁj




Leading to
f g(A, M) = i[ divie s (B) M, M, - - M,
M+ ? p{ M"’i 112...3p 1 2 5

/M-!- A |detK |gia. 5(8) -

Il

® The use of the derivative s:
[Sinst]x = [SB + SFl;

Then

e-[sinst]k

| —

top form

k
4’}1‘23 {Tr[‘t—)(; f-‘iﬁ’i — wiﬁi.)] ([SF]E)&‘SL([SB]&)-‘”:-H!

(1 _ eS8l %2-3 ([5.;]::)1)}

[=0




5 Correlators are functions at oM

® How does the boundary look like?
M, = Mp URY x Mi_y US’R* x Mj_5...U SFR*

For something familiar

l
2 2 2
|Fe|? = |Fel® + Y 87°0(z — %)
=1

® An example: k=2
'y o ury tila

A=l —2 €11 = | a3 (i +b(-’r_1~'ﬂ)
@y B — X @ —a3

li_ln A e ( 0’.5#1 3n'::l.)

[tiry |—+0 I — UI.K_I




1
lim Tr(FF)i= = —z lim DUIugtiet{Afﬁ)k_:gd‘;r

wy|—+0 ..‘1 [y |+
= - loolog(a - 2)d% + T(FF)emy = Te(F Flimy + 8078 (2 = 21)
CONCLUSIONS

w

® Some old questions in a different perspective

i) weak vs. strong coupling
ii) constrained instanton
ii1) clustering

® Useful tools for a recursion relation?

A 4k : 1 z
u=%,G (=) a:G,=——(3G,—4G,G))

a 326G,

1

—_—

o , s
Fﬁ—3—2-(FI+4aF1+2a F,)

® Topology, integrable systems 4d vs. 2d




THE HYPERKHALER QUOTIENT
COSTRUCTION

W

@ The SU(N) case: out of the data

¢ st
a=|4 —-B
B A
Build a 4k2+4kN Manifold M = {A, B,s,t}

Define a 2—form ' = Ji,dz® A dz®

we = TrdAAdB+ TrdsAdi
e = TrdAAdA!+TrdBAdB' + Trds Ads' — Trdt' Adt .
A - QAQ' .
B — QBQ' .
s — Q.f-u'i't :
t <+ RiQ' ,
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® The isometries of the 2—form

Lew' =0

Generate conserved quantities

i(€)w' = dpg
(A, B] + st

|

HC

Il

LR (A, A") + [B, B'] + ss" — ti

A new variety

NT ={{A,B,3,t} =z €M: M2=0}

To be quotiented
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® Example k=2

ds® = n, jdm’ din’ = |dw, [* + |dw,|* + |das|* + |day |*

The constraint

wWatt!y — YW = 2(&3:11 — @a63)

(wf, w)) = (wy,w2) Ry

[
{ﬂ‘g.ﬁ @) = (EEa ay) Ha

Ra=( cos f ::1119)

—sinf  cosé

This invariance is generated by

= 1 2T o f e L1
C= [kFr.m{k dm' + dm’ k")
1
£ = ‘;’f(ﬁ.‘;d‘i‘ﬂg — unduy + 2a3day — 2 day +

+dhitgtey — dibywo + 2daaz — 2@&3&1) b

1?2




® The final metric

CpD

" 8 _ [ Nt Hm: gﬂbk 4. B

L = gip smism (gm + ERF )-m?. ST
E.F

ad
gagsm’sm® — C'?Cy = ghpSm* Em”

And measure

|w1|4\fg‘%{:ﬂd4w1d4w2d4a3d4xu —

||a3]2 lay | lddl‘IU1d4’LU2d4&3d4£{}

jas|*

@ A Kaehler potential

k= [ PP %n /(1 + P}

wir = 00K = %Tl‘ [(Sﬂ)f(l + Pm]Sﬂ]
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From which

L'=Sm!'Sm" = (Sa)'(1+ P,))Sa = sm'sm' - CCH

® The action S,,,,=S,+S5;

k
> Gt — o) (4]

i 9=1

- k
1Sel, = 4x*Tr|2(iw) Y hwel® +
- =1

[Sf"]k

- k k
4r?Te| — 20 Y pujiy + Y, (iyiw, — ‘!I*pff'w:)(-d})fp]

i=1 Lp=1

Where

[Skle = P22 (hig)a? (M) 55 = (8320)! (hiy)a? () 5 50

® A prescription

(fields) = [M | dCdAS(C + L' Ac)d(ATAA - (A'AA))s((AT M) — (AT M)")

MM — Sﬁ}ﬁ{itrgd“(jtﬁ — (ATAY)S( () [m-.f;d,,) E*S'r\'u]
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