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f Introduction I 2 |

Lattice QCD:
riurbative framework to calculate relations be
n parameters in the Standard Model and experi-

| quantities from first principles
renormalization problem:

e application of renormalized perturbation theory is
limited to processes at high E, where the QCD cou-
pling constant a; is sufficiently small

- inadequate for bound state properties at low E,
i.e. non-perturbative solution of the theory required

— numerical (MC =Monte Carlo) simulations of the Eu-
clidean path integral of QCD on a space-time lattice

normalization = ultraviolet phenomenon
~» relevant momentum scales p ~ a™!, ay(u) " o E%;g
- question: renormalize perturbatively as a — 07
~+ in general the answer is no:
want tractable simulation effort « a & L™
thus truncation of perturbative series not justified

far more safe to
perform renormalizations non-perturbatively




ideally regard Lattice QCD as phenomenological tool:

e renormalization employing the hadron spectrum

@Miadron = AMiadron(go, {amy}) via MC

lattice spacing a = (ammm)/mﬂin } g — a

fix (ampadron)/ (@Myproton) = mﬂi}nf ml{;ﬁin

~+ predictions like ma =a™*[ama][1+ Ola)]

e address fundamental parameters that escape a di-
rect determination, for instance

N
\ Fromi

from experiment — {n.‘l_ M) ., me(2Ge\ .}

prominent observables of interest for the lattice:

e gquark bilinears, currents, AS = 2 matrix elements
® as(u)

e quark masses (— mg essential for ¢ /e analyses)

e structure functions (— parton density operators)
e static current (— briefly touched at the end)

note: renormalization properties are of different nature

—+ e.g. finite, scale and/or scheme dependencies
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| Lattice QCD: a short-cut

; lattice: z={z,|pu=1,...,4} € aZ

quarks: living on lattice sites
P i La.d . :
gluons: Ulz,pu) = e“Wl* € SU(3)
link variables
X
id obstacles
e stochastic MC evaluation of (O) = 3 | D, Ul Qe

(importance sampling, Ao o 1/v/Nimeas < 1/v/fcpu )

e continuum limit: lattice artifacts extrapolated away
(improvement ~- eliminate the O(a) cutoff effects)

» fermion dynamics very costly, so frequently used:
quenched approximation = ignore all quark loops

e ambiguities in setting the scale in quenched QCD

e lattice discretization implies restriction ¢ < m;' < L
(extrapolations in the quark mass m, necessary but
often difficult to control in practice)

e chiral symmetry violation (inherent in Wilson's
fermion action) gives rise to additive & multiplicative
renormalization constants
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( Intermediate renormalization schemes ‘

sentative example: quark masses through PCAC
Fgm = (i, + 7){0[u 596 [K)
(Eu‘?ﬁﬂ’s)ﬁg - ZF‘(QD! '-’1#) (Eu‘rﬁws)]att-im

+ 7. relates the lattice results to the MS scheme

+ . is scale and scheme dependent

+ computable in lattice perturbation theory

— uncertainties from (tadpole improved) bare couplings

task to match the low- and high-energy regimes reliably
complicates the situation on the technical level:

one faces different scales to be covered simultaneously
e box size (typical extents L ~ 2 fm)
e confinement scale ~ 0.2 GeV

e i~ 10 GeV ~ 1/(0.02 fm) to get contact with the per-
turbative approximation for 3(g), 7(g)

e lattice spacing a as cutoff
> 1/(02GeV) > 1/p >~ 1/{10GeV) > a
suppression of a—effects implies prohibitively large L /a

ome this problem
intermediate schemes (2 realizations in the context of
non-perturbative renormalization on the market)




1. RI=Regularization Independent [Martinelli et al.|

impose I'p : amputated Green function of (¥, vstq)iasice &

1 2 quark wave function
. renormalization

CL LA

['plap)

P il
« UL JA

+ the matching MOM « MS relies on renormalized con-
tinuum perturbation theory now

? applicability window Agep < p < a™' enclose exter-
nal momenta range to probe the scale dependence?

2. SF =Schradinger Functional [Lischer et al.. Agpna | |
Lrategy [or a non i_nfr{_l:rh;l[i\':‘_'* f'i}fiﬁ.]}'-_!-‘:iiif:-zi ol

distance parameters on the lattice is a recourse 10
nediate finite-volume renormalization scheme:
identify u = 1/L|~+ ass(1/L) and similarly M/ (1/L

[ wux = C/Fy: hadronic <= SF  — asr(pg=1/Lu)
O(3fm) scheme !
asr (4 = 2/ Lma)
}
cee
|
asrlti=2"/L )

PT |
PT

"‘-'*i} Lmum

resuilts in: value for Agen/Fr

universal relations ‘—' accessible in the continuum limit
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' Schrédinger functional I?_\

the Schradinger functional (SF) is defined as the QCD
partition function |

Z = / e =gt [ - effective action
Felels

where quark & gluon fields satisfy Dirichlet BCs in time:
~C
.
.
0
v‘m C

—
space

a renormalized coupling in this scheme:
asr(p) = 7°(L)/4r with § = 7 being defined as the re-
sponse to an infinitesimal variation of the BCs

reconstruction of the non-perturbative scale evolution
of the renormalized ‘running’ coupling constant in the

SF via the finite-size step scaling function (SSF) o(s, u):
g(L)=wu g (sL) =4 = a(s,u)

s: step size in change of the length scale

= evident meaning of o(s,u): discrete beta function

_ | L




e - T Eh

on the lattice: start witl
3 /i) = iy Er:l“!”m.'nl =2 Ek=0.1,2....

~~ calculable by solving the recursion o(ui.1) = u
~~» at step k — k + 1 of the sequence: keep g, L/a fixed

2(2,u,1/4)

"X
I
=

X(2,u,1/6)

T
I
c

(89? (g0*

carries an additional dependence on the resolution a/L

f LY

L) =a(u)+O| ; | in the continuum limit




\ocn and RGI quark masses [cf. NPB544(99)669] [o )

successive application of the SSF o yields 7y (Lmax/2")
until contact can be made with the high-energy regime

ell described by perturbative scaling:

| ' [ | l b |
by 20 L P 3bad™ I I :
U XD - dt | = 3 -
i J, o 3lg) " bod? “r..ffJ}

result in the quenched approximation:

n ] |'r'l11'T'|' ] m i Illll[ T L ||':';'r[
0.4 — SF scheme, N=0: N
|
LY Aqep=Asr=0.211(186) /L I
03 it_ -~-~- 2-loop —
E L I'\\. 5 OB .
= f
o -
02 Yo e non-perturbative —
- l"\‘_‘. =
\1‘
0.1 e
L i lLIII | b i ll.ll].l | Ll ITL-II-]."

10 100 1000

g/ Agen

matching to a hadronic scheme: express L., in units of

the ‘radius’ ry ~ 0.5 fm (from force between static quarks)

1
= matching scale p= —— >~ 550 MeV
Lnax
onversion SF — convenient VS scheme leads to

ok A\ — 932119) MeV

1_|'ﬁ
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K

status of the corresponding project by AL with N,

massless dynamical quarks:

preliminary: no continuum extrapolation

'I' L | L ¥ | 1 L S L] I L] | ¥ 1 'I' L] | ] 'I' L] S ] L

L 5 2

L
5 B -
g(u) L N,=0 o 0
gl | e 2—loop B . ~
- ==- 3-loop B i 3
L £ -
! # 1

el

- ‘_"‘ o’ =
il i ;
_— ,"' 3 =
- P_{" =
- f:’" i -
3 -’ N, =2 —_
2 _,/ 2—loop -
- P4 -— [ 3=100P 7
! /‘x mostly L/a=5 -

1 L L 5 1 J Lt g i I L .t | I L1 1 _Jd I T -

1 1.5 2 2.5 3 u as
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he same way: obtain the scale evolution of the renor- \

malized PCAC (current) quark mass 7i. Viz.
,'-'_?1 i .Zg:uj k % ..*.a!.nuxl
‘ SE s gpli)
Eialan Ty M Zo(2 L) CRN
to extract the scheme and scale independent (!)

Renormalization Group Invariant quark masses

2 4 T(q) dy
\f it (2baG”) o/ 2o eXD 4 — / d« ) . }
! | { o |Blg)  bug

¥ lllllll 1 L lllTI!l I ¥ rr||||]
0.9 SF scheme, N,=0: |
S Aep=Ner=0.211(16) /L, -
0.8 —:~ ......... 1/2'10°P -4

3

i 3 \\t --=- 2/2-loop -
3 0.7 - *\\ 2 /3~ loop _
lE i "'\-k-.';\ ¢ non-perturbative -
0.6 - ol 4
. i L
0'5 - .-:‘?":'..":l-.-‘..:-. ]
Loyl - § 4o asugd L I::??Tb?irg

10 100 1000
K/ Agep

M/~ (p) = 1.157(12) @ p=1/2L 00 > 275 MeV
finally the total renormalization factor 7,4, is known
non-perturbatively for the O(a) improved theory:

M = Zlgo) X m(go) + O(a?)

flavour independent current quark mass

w o= M/m(u) x ‘rﬁ(u)/m(ynJ
universal =2Zp/2p
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' The strange quark’s mass I iz )

general strategy for computation of light quark masses
Iﬁim & UKQCD: Garden, H., Sommer, Wittig, NPB 571 (2000) 237]

e siarting point: chiral perturbation theory in full QCD
My/My =0.55(4) M,/M =244(1.5) M =} (M,+ My)

e now we implicitly define an not necessarily physical
reference quark mass (here: mass degenerate case)

L ]

. . L
Ml Miog)rg = (mgre)” = 1.5736

|
YPT : | 2Mus ~ M, + M

input m;f: = l,‘.m.if - ’”I 0 ) i = (495 Mr:\,'lE
L B pure QCD

= goal: calculate M, through Lattice QCD

MC simulations in V = (1.5fm)° x 3fm: evaluate correla-
tion function to determine PS hadronic matrix elements
.i_||L.-u-lu-}:tislfxl-. — ””\FE\ } P%C . F‘h b | .-'.T.ifrt'-!'

2 = R=~
e, YseslK) = Gk Gk M

including renormalization and O(e) improvement:

¥

| & o
\ Fempe=1.5T30 P e [ ”
2roMes = Zp = x 1.5736 = (2roMer) | O k )

o la=() s

perturbative conversion tn \IH using 4-loop running

=> FFF“ 2GeV) = 97(4) \]< 5 all errors except quenching

SRl | SR || MRRERS




B —— \
( ..-.__ _:: ] 18| "l'l__.:' l] 'i.1.||.|'1 o

_';"w["’. the

to the kaon mass scale (sllghtly ) and to the continuum

1 3 L J i ]’ T T T T ] T T T T 1 T T 1—_
i i ;_____é,,*-«@---"@"_ ______ T -
12 =
«5 1.1 - o f=6.45=
1 :-— o ﬁ=62 -E
- o SRR (I SR 1 =
o Bl B e o o el o g g g B oo
(myry)? 3 4
(mpgry)?
i ] | ] ] i ] ] I g | { L] ] I ¥ ] ] L] L |
036 1 =
T o X, -
¥ [ 3 |
-] [ !
o2 Tl & T
0.32 ) -
[ I' 1 ] | 1 | i i 1 1 ] 1 | i 1 I L i 1 1 1
0 0.01 0.02 0.03 0.04
(a/r,)?

¢ stable continuum extrapolation but significant slope
e solid quenched result: W:,-!_'mf,..; = 143(5) MeV | RGI [!)
e quenched approximation: =~ 100 scale ambiguity
e alternatively 2M ¢ /( Fx)n = (M /M) x ( ZpriGps) ' (mpsry)”

> complete consistency !
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( comparison with quenched results of other groups: \

(NPR =non-pert. renormalization, CL =continuum limit)

60 80 100 120 140 160

B e e e e
e Theory (spectral sum rules)
N CP-PACS (N,=2, no NPR)
i CP-PACS (no NPR)
- . BNL (domain wall, RI, no CL)
o APE (RI, no CL)
F o QCDSF (SF)
-t ALPHA & UKQCD (SF)
e : BNL (domain wall, no NPR)
b JLQCD (staggered, RI)
Rl T APE (RI, no CL)
o ] TOR-VERGATA (no NPR, no CL)
i FNAL (Wilson, no NPR)
- , LANL (Wilson, no NPR)
vl s aad e aabna e by gy

60 80 100 120 140 160
m¥™(p=2GeV) [MeV]

» mostly through (axial and/or vector) Ward identities

e caveal: no uniform estimation of systematic errors
and differences when translating into physical units

14
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' Static axial current renormalization I 15 )

e motivation: consider leptonic B-decays B — 1

(UKAR)H}B(PJ) = Pu Fg {Aﬂ)n - Zﬂﬁﬁ?ﬁ’?ﬁﬁ'd
my, =~ 4GeV > Agep ~ O ((amy)?) discretization errors
— direct treatment is difficult on the lattice

e but in an effective field theory: static approximation

FE.!\/VT"B = q)s.t.-:r " +0 (AQCD) relevant scale: {1 my

My ‘static’ My — o€

— 4 dependence and Z3™(u) — ®*(y) to predict Fy

analogous steps as for m(u)/M [J. H., M. Kurth, R. Sommer]

ALPHA collaboration, preliminary
L 'I'T'ITT!_ L L/ I"|!l'r| L T r TT!'I'lT T

(1e)/ ®pey / |
14 - / L

! f.,i/ g b4 )

1.2 - /{ .. 1-loop 1-loop._
- - 2=-lo0p Z-ioop J

s "l ____ 3-loop 2-loop

1 T | I.ll:l11 2 I |“11rl Il id LJIIII i b bt

s ¥ L Y q ~ 1 a) N ‘
*l‘%ﬂ“.i = (2b6g") " ™ e exp f i / dli;" ~ g = G- ()
1 o  LBlg) bog

for any matrix element @ of the static axial current

N s



' Summary I 16 ]

e large potential for Lattice QCD to address non-
perturbative renormalization problems:

v statistical, discretization & systematic uncertain-
ties under good control

v non-perturbative coupling and quark mass
renormalization performed with confidence

v high precision already achieved in the quenched
approximation: e.g. 37 for m. (2 CGeV)
— dynamical quark effects under investigation

v concept of combining Lattice QCD with yPT to de-
termine light quark masses valuable for full QCD

e Schrodinger functional offers a clean & flexible ap-
proach to deal with accompanying scale differences:
v technology is well established in quenched QCD
v simulations much easier than in large volume

v promising progress beyond a, and M:
RGI matrix elements in the static approximation
— phenomenology of heavy flavour physics

e substantial work still to be done, but optimistic per-
spectives also owing to increasing computer power!
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